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The defect (also called ramification deficiency) of valued field extensions is a major 

stumbling block in deep open problems of valuation theory in positive characteristic. 

For a detailed analysis, we define and investigate two weaker notions of defect: the 

completion defect and the defect quotient. We define them for finite extensions as 

V„J . well as for certain valued function fields (those with "Abhyankar valuations" that are 

■^ I nontrivial on the ground field). We investigate both defects and present analogues 

(~| ' of the results that hold for the usual defect. 
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1 Introduction 



^ I For a valued field {K,v) we denote its value group by vK and its residue field by Kv; 

29 ! ior a & K, va denotes its value, and av its residue. We denote the algebraic closure of 

i^ by i^ and the perfect hull by K^/p°^ . By {L\K^v) we mean an extension of valued 
fields where f is a valuation on L and its subfield K is endowed with the restriction of v. 

■^ . Throughout, function field will always mean an algebraic function field. 

In what follows, we fix an extension of the valuation v from K to its algebraic closure. 
All algebraic extensions of K will be endowed with the restriction of this valuation. All of 
these valuations will again be denoted by v. This also determines uniquely the henseliza- 
tions of all algebraic extensions of K (cf. Section 2.1). An algebraic extension {L\K,v) is 
called h-finite if {L^\K^., v) is finite, where K^ is the unique henselization of K inside the 






henselization L of L. The defect of an h-finite extension {L\K,v) is the natural number 



d{L\K,v) 



{vL^" : vK^)[L^'v : KH] {vL : vK)[Lv : Kv] ' 



the second equation holds since henselizations are immediate extensions (see Section 2.1). 
By the Lemma of Ostrowski (see Section 2.2), this quotient is always 1 if Kv has charac- 
teristic 0, and it is a power oi p (possibly 1) if Kv has characteristic p > 0. 

Matignon and Ohm (cf. [M], [O]) have used a completion defect which measures the 
defect (for valuations of rank 1) using completions instead of henselizations; it can be 
analogously defined for certain valued function fields. The notion of completion defect 
played the key role in the proof of Matignon's genus reduction inequality for valued 



function fields. This inequality was first proved by Matignon in [M] for valued function 
fields of transcendence degree 1 and rank 1 (i.e., with archimedean value group, meaning 
that it is a subgroup of the reals). It was extended in [GMP] to an arbitrary finite family 
of valuations coinciding on the constant field. 

Since for valuations of arbitrary rank, the completion is in general not henselian, we 
measure the defect over the completion of the henselization. This defect then coincides 
with Matignon's and Ohm's completion defect if the valuation is of rank 1. 

Let K^'^ denote the completion of {K^,v). Take any h-finite extension {L\K,v). We 
define the completion defect dc{L\K,v) as follows: 



{vL:vK)[Lv : Kv] 



d,{L\K,v) := . ^ ^ ^'.^ ^ ^^ , = d{L''^\K''',v) 



this is well-defined and the second equation holds because completions are immediate 
extensions and {L^'^\K'^'^,v) is a finite extension of henselian fields (see Section 2.1, in 
particular Lemma 2.3 and Lemma 2.4). This is why we have chosen to work with the 
completion of the henselization. Instead, we could have chosen to work with 



{vL" : vK'')[L''v : K^'v] {vL : vK)[Lv : Kv] ' 

where K'^^ is the henselization of the completion of K (which is not necessarily complete). 
In fact, we will prove: 

Proposition 1.1 For every h-finite extension {L\K^v), 

d{L'\K',v) = d,{L\K,v), 

and for every h-finite separable extension {L\K,v), 

d^{L\K,v) = d{L\K,v). 

In order to characterize those extensions for which the completion defect is equal to 
the ordinary defect we compute the defect quotient: 



dc{L\K,v) [L^'^-.K^'^] ■ 

We denote by [L : K]i^sep the inseparable degree of a finite extension L\K, that is, the 
degree oi L\K divided by the degree of the maximal separable subextension Ls\K. 



Proposition 1.2 For every finite extension (L\K,v), 

d,{L\K) 



y-^ • ^ J insep 



[L^ : K' 



I insep 



An h-finite extension {L\K, v) is called c-defectless iidc{L\K, v) = 1 and q-defectless 
if dq{L\K, f ) = 1. A valued field {K, v) will be called a c-defectless field or q-defectless 

field if every finite extension {L\K,v) is c-defectless or q-defectless, respectively. The 
properties of being "c-defectless" or "q-defectless" are weaker than "defectless" (cf. Sec- 
tion 2.2 for the latter notion). Another pair of weaker properties are inseparably defectless 
and separably defectless (again, see Section 2.2 for these notions). 

In Section 3.1, we prove the following characterizations: 

Theorem 1.3 A valued field {K,v) is a c-defectless field if and only if it is a separably 
defectless field. 

Theorem 1.4 A valued field {K,v) is q-defectless if and only if its completion is a separa- 
ble extension (that is, linearly disjoint from the perfect hull K^ip°° over K). In particular, 
every complete field and every valued field of characteristic is q-defectless. 

A valued field extension {F\K,v) of finite transcendence degree is called without 
transcendence defect if equality holds in the Abhyankar Inequality 

trdegFl-ft' > trdegFf |i^t> + rr vF/vK , (1) 

where for any ordered abelian group G, rr G := diniQ G ^ Q denotes the maximal num- 
ber of rationally independent elements in G; this is called the rational rank of G. In 
particular in the case where v is trivial on K, valuations without transcendence defect 
are also called Abhyankar valuations. 

Every extension {F\K, v) without transcendence defect admits a standard valuation 
transcendence basis, that is, a transcendence basis {xi,yj | i G /,j G J} such that 

the values vxi , i G I, are rationally independent over vK, 1 , , 

the residues yjV, j G J, are algebraically independent over Kv. J 

(The second condition implicitly says that vyj = for all j G J.) Indeed, if the elements 
Xi are chosen such that their values form a maximal set of elements in vF rationally 
independent modulo vK, and the elements yj are chosen such that their residues form a 
transcendence basis of Fv\Kv, then by Lemma 2.17, the elements Xi,yj, i & I, j & J, 
are algebraically independent over K. If equality holds in the Abhyankar Inequality, then 
their number equals the transcendence degree, and so they form a standard valuation 
transcendence basis. 

As for h-finite extensions, a notion of defect can be defined for every valued function 
field {F\K,v) without transcendence defect. More generally, we consider subhenselian 
function fields, that is, extensions {F\K,v) for which {F,v)^ is the henselization of 
some valued function field {Fq\K,v). Note that in this case, F\K{T) is an h-finite ex- 
tension for every transcendence basis T of F\K and hence we may consider the defect 
d{F\K[T),v). For subhenselian function fields without transcendence defect, the defect 
can be introduced as: 

d{F\K,v) := snp d{F\K{T),v) (3) 

T 



where the supremum is taken over all transcendence bases of {F\K,v). The defect 
d{F\K,v) is indeed a finite number whenever {F\K^v) is without transcendence defect, 
because it is equal to d{F\K{T)^v) whenever T is a standard valuation transcendence 
basis. The following theorem shows the finiteness of the defect and its independence 
of the choice of the standard valuation transcendence basis. 

Theorem 1.5 (Finiteness and Independence Theorem) Take a subhenselian func- 
tion field {F\K,v) without transcendence defect. Then for every standard valuation tran- 
scendence basis T of F\K , 

d{F\K,v) = d{F\K{T),v) < oo . (4) 

Moreover, there exists a finite extension K' of K such that for every algebraic extension 
L of K containing K' we have: 

1. for every standard valuation transcendence basis T of {F\K,v), 
the extension {L.F\L{T),v) is defectless, 

a.,(f|A-„) = #^= max, ''(^l^-^"> 



d{L.F\F,v) N\K Rnitc d{N.F\F,v) 

The proof of this theorem is given in Section 2.5. It heavily depends on the following 
result proved in [Kl] and [K4]: 

Theorem 1.6 (Generalized Stability Theorem) Let {F\K,v) be a valued function 
field without transcendence defect. If {K, v) is a defectless field, then also {F, v) is a 
defectless field. The same holds for "inseparably defectless" in place of "defectless". If 
vK is cofinal in vF , then it also holds for "separably defectless" in place of "defectless" . 

This theorem is a generalization of a result of Grauert and Remmert [G-R] which is 
restricted to the case of algebraically closed complete ground fields of rank 1. A first 
generalization of the result was given by Gruson [GRU]; an improved presentation of it 
can be found in the book [BGR] of Bosch, Giintzer and Remmert. Further generalizations 
are due to M. Matignon and J. Ohm; see also [GMP]. In [O], Ohm arrived at a version of 
Theorem 1.6 with the restriction that trdegF|i^ = iidegFv\Kv. The work of all authors 
mentioned above is based on methods of nonarchimedean analysis. In contrast, the proofs 
given in [Kl] and [K4] are purely valuation theoretic. 

Theorem 1.5 was independently obtained by Ohm [O] in the case where trdegF|i^ = 
trdeg-Ff |i^f by using his version of the stability theorem. He gave this result the name 
Independence Theorem since it shows the independence of the defect from the chosen 
standard valuation transcendence basis. 

Another special case was proved by Sudesh Khanduja in [Kh]. She considered sim- 
ple transcendental extensions {K{x)\K^v) satisfying the condition ii vK{x)\vK = 1 = 
tYdegK{x)\K. 

The completion defect and defect quotient of valued function fields without transcen- 
dence defect may be defined similarly as it was done for the defect. For a subhenselian 
function field {F\K,v) without transcendence defect we set 

dc{F\K, v) := sup dc{F\K{T),v) and dq{F\K, v) := sup dg{F\K{T),v) , 

T T 



where the supremum is taken over all transcendence bases of {F\K, v). The same finiteness 
and independence as for the defect (Theorem 1.5) also hold for the completion defect and 
defect quotient: 

Theorem 1.7 Take a subhenselian function field {F\K,v) without transcendence defect 
over K. Then for every standard valuation transcendence basis T of F\K , 

dciF\K,v) = d,iF\K{T),v) and dq{F\K,v) = d,{F\K{T),v) . (5) 

Further, 

d{F\K, v) = d,{F\K, v) ■ dg{F\K, v) . (6) 

Assume in addition that vK is cofinal in vF . If K' is chosen as in the assertion of 
Theorem 1.5, then for every finite extension L of K containing K' , 

d,{L\K,v) d,{N\K,v) 

^^^^"^'") = d,iL.F\F,v) = .|Ste 4(iV.F|F,.) (^) 

d,iF\K,v) ^ #^^ ^ max ^^^^'^'^^ 



dg{L.F\F,v) N\K finite dg{N.F\F,v) ' ^' 

We will prove Theorem 1.7 in Section 3.2, together with the following "q-defectless 
and c-defectless versions" of Theorem 1.6. 

Theorem 1.8 Take a subhenselian function field {F\K,v) without transcendence defect. 

a) If {K,v) is a q-defectless field or vK is not cofinal in vF, then dq{F\K,v) = 1 and 
{F,v) is a q-defectless field. 

b) IfvK is cofinal in vF and {K,v) is a c-defectless field, then dc{F\K,v) = 1 and {F,v) 
is a c-defectless field. 

We will use d{F\K), dc{F\K) and dq{F\K) for defect, completion defect and quotient 
defect of {F\K,v), respectively, when there is no ambiguity for the valuation v. 

2 Valuation theoretic preliminaries 

For the basic facts of valuation theory, we refer the reader to [E], [EP], [R], [W] and [Z-S]. 

2.1 Henselization and completion 

Every finite extension L of {K,v) satisfies the fundamental inequality (cf. [E]): 
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\L ■ K\>Y^^,U, (9) 



where wi, . . . ,fg are the distinct extensions of v from K to L, e^ = (fjL : vK^ are the 
respective ramification indices and fj = \Lvi : Kv\ are the respective inertia degrees. If 
g = 1 for every finite extension L\K then {K,v) is called henselian. This means that 



{K, v) is henselian if and only if v extends uniquely to each algebraic extension of K. 
Therefore, every algebraically closed valued field is trivially henselian. 

Every valued field {K^ v) admits a henselization, that is, a separable-algebraic ex- 
tension field which is henselian and has the universal property that it admits a unique 
embedding in every henselian extension field of {K, v). In particular, if (L, w) is a henselian 
extension field of {K,v), then {K,v) has a unique henselization in {L,w), which we will 
denote by K'^^'^\ Further, all henselizations of {K,v) are isomorphic over K, so we often 
talk of the henselization of {K, v) and just write K^. We can also fix the henselizations by 
consistently working inside a large algebraically closed field. A valued field is henselian if 
and only if it is equal to any (and thus all) of its henselizations. 

An extension {L\K^v) is immediate if the canonical embeddings vK ^-)- vL and 
Kv "^ Lv are onto, which we also express by the less precise assertion that vK = vL and 
Kv = Lv. The henselization is an immediate extension. 

If L is a finite extension of K and Vi, . . . ,Vg are the distinct extensions of v from K 
to L, then {K,v) has a henselization K^^'"'-^ in each henselization L^*^^') of {L,Vi), and 

[L:K]= J2 [L''^''^ ■ ^''^''^]- (10) 

We have: 

Lemma 2.1 An algebraic extension of a henselian field is again henselian. If {L\K,v) is 
algebraic, then {L.K'^,v) is the henselization of {L,v). 

Let {K, v) be any valued field. A valuation w on K is a, coarsening of v if its valuation 
ring Ow contains the valuation ring Oy of v. If iJ is a convex subgroup of vK, then it 
gives rise to a coarsening w with valuation ring O^ := {x E K \3a & H, a < vx}. Then 
V induces a valuation w on Kw with valuation ring Ojjj := {xw \ x E O^}, and there are 
canonical isomorphisms wK = vK/H and w{Kw) = H . If {K, w) is any valued field and 
if w' is any valuation on the residue field Kw, then w o w', called the composition of 
w and w', will denote the valuation whose valuation ring is the subring of the valuation 
ring of w consisting of all elements whose w-residues lie in the valuation ring of w'. In 
our above situation, v is the composition of w and w. 

The following fact is well known: 

Lemma 2.2 Take a valued field {K,v) and a composition v = w o w. Then {K,v) is 
henselian if and only if {K, w) and {Kw, w) are henselian. 

We conclude this section with a few results about the completion K'^ of K. Like the 
henselization, also the completion is an immediate extension. 

Lemma 2.3 If {L\K,v) is finite, then the extension of v from K'^ to L.K'^ is unique, and 
{L.K'^,v) is the completion of{L,v). 

Proof: A finite extension of a complete valued field is again complete, hence {L.K'^, v) 
is complete, for any extension of v from K^ to L.K'^. On the other hand, since {L\K,v) 
is finite, the value group vK is cofinal in vL, which implies that the completion of {L, v) 



must contain the completion of {K,v). As it also contains L, it contains L.K'^. Thus, 
{L.K'^,v) is the completion of {L,v), which also implies that the extension of v from K'^ 
to L.K'^ is unique. □ 

A proof of the following theorem can be found in [W] (Theorem 32.19): 
Lemma 2.4 The completion of a henselian field is henselian too. Consequently, 

Moreover, a henselian field is separable- algebraically closed in its completion. 

2.2 Defect and defect less fields 

Assume that {L\K, v) is a finite extension such that v extends uniquely from K to L, then 
the Lemma of Ostrowski (cf. [EN], [R]) says that 

[L : K] = p^{vL : vK)[Lv : Kv], for some integer z/ > 

where p = charLf if it is positive and p = 1 otherwise. The factor d{L\K,v) := p'^ 
is called the defect of the extension {L\K,v). If d{L\K,v) = 1, then L\K is called a 
defectless extension. More generally (i.e., for g > 1), a finite extension {L\K,v) is 
called defectless if equality holds in (9). A valued field {K,v) is said to be a defectless, 
separably defectless or inseparably defectless field if every finite, finite separable or 
finite purely inseparable, respectively, extension of K satisfies equality in the fundamental 
inequality (9). One can trace this back to the case of unique extensions of the valuation; 
for the proof of the following theorem, see [K2] (a partial proof was already given in [E]): 

Lemma 2.5 A valued field is defectless if and only if its henselization is defectless. The 
same holds for "separably defectless" and "inseparably defectless" in place of "defectless" . 

Therefore, the Lemma of Ostrowski shows that: 

Corollary 2.6 Every valued field {K,v) with chari^f = is a defectless field. 

The following lemma shows that the defect is multiplicative. This is a consequence of 
the multiplicativity of the degree of field extensions and of ramification index and inertia 
degree. 

Lemma 2.7 Let K G L G M be fields and v extends uniquely from K to M . Then 

d{M\K,v) = d{M\L,v) ■ d{L\K,v) . 

In particular, {M\K,v) is defectless if and only if {M\L,v) and {L\K,v) are defectless. 

Using this lemma together with Lemma 2.5, one easily shows: 

Lemma 2.8 Every finite extension of a defectless field is again a defectless field. 



The following theorem is proved in [K5] , where it is stated with the additional hypoth- 
esis "char K = p > 0" . For our purpose in this paper, we state it in general and include 
the proof. 

Lemma 2.9 Let {K,v) be a henselian valued field. Then K is separably defectless if and 
only if K'^ is defectless. 

Proof: In view of Corollary 2.6, we may assume that chai Kv = p > 0. Since i^ is a 
henselian field, the same holds for K'^ (Lemma 2.4). The field K'^ is defectless if and only 
if it is separably defectless, indeed, this is trivially true when char K = 0, and in the case 
of positive characteristic it is implied by Theorem 5.1 of [K5]. Thus it suffices to prove 
that K'^ is a separably defectless field if and only if K is. 

Let L|i^ be an arbitrary finite separable extension. The henselian field K is separable- 
algebraically closed in K"^ (Lemma 2.4). Consequently, every finite separable extension of 
K is linearly disjoint from K'^ over K, whence 

[L.K" : K^] = [L:K]. 

On the other hand, L.K'^ = L^ by Lemma 2.3. Consequently, 

{v{L.K^) : vK^)[{L.K'')v : K^v] = {vL : vK)[Lv : Kv\. 

Assume that K'^ is a separably defectless field. Then {L.K'^\K'^,v) is defectless, i.e., 
[L.iT^ : K""] = {v{L.K^) : vK^)[{L.K^)v : K^v]. Hence, [L : K] = {vL : vK)[Lv : Kv], 
showing that L|i^ is defectless. We have shown that K is separably defectless if K'^ is. 

Now assume that K'^ is not a separably defectless field. Then there exists a finite Galois 
extension L'\K'^ with nontrivial defect. In view of Lemma 2.7, we may assume that the 
extension is Galois (after passing to the normal hull if necessary). We take an irreducible 
polynomial / = X" + c„_iX"~^ + ■ ■ ■ + cq E K'^lX] of which L' is the splitting field. For 
every a G vK there are dn-i, . . . ,dQ E K such that f (q — di) > a. If a is large enough, 
then by Theorem 32.20 of [W], the splitting fields of / and ^ = X" + rf„_iX"-i + ■ ■ ■ + do 
over the henselian field K'^ are the same. Consequently, if L denotes the splitting field of 
g over K, then L' = L.K^ = L^. We obtain 

[L:K] > [L.K^ : K^] = [L' : K^] 

> {vL' : vK^)[L'v : K%] = {vL" : vK'')[L''v : K^v] = {vL : vK)[Lv : Kv]. 

That is, the separable extension L\K is not defectless. Hence, K is not a separably 
defectless field. □ 

The following lemma describes the behaviour of the defect under composition of val- 
uations: 

Lemma 2.10 Take a finite extension {L\K,v) of henselian fields and a coarsening w of 
V on L. Then 

d{L\K,v) = d{L\K,w)-d{Lw\Kw,w). 

In particular, if d{L\K,v) = 1, then d{L\K,w) = 1 for every coarsening w of v. 

8 



Proof: Since {L,v) and {K,v) are henselian by assumption, also {L,w), {K,w), {Lw,w) 
and (Kw,w) are henselian by Lemma 2.2. Therefore, we can compute: 

[L -.K] [L: K] 



d{L\K,v) 



[vL : vK)[Lv : Kv] {wL : wK){w{Lw) : 'w{Kw))[{Lw)w : {Kw)w] 
[L : K] [Lw : Kw] 



{wL : wK)[Lw : Kw] (w{Lw) : w{Kw))[{Lw)w : {Kw)w] 
= d{L\K,v) ■ d{Lw\Kw,w) . 

n 

In the next lemma, the relation between immediate and defectless extensions is studied. 

Lemma 2.11 Take an arbitrary immediate extension {F\K, v) of valued fields, and {L\K, v) 
a finite extension such that \L : K] = (vL : vK)[Lv : Kv\. Then F\K and L\K are lin- 
early disjoint, the extension of v from F to L.F is unique, {L.F\F^v) is defectless, and 
{L.F\L,v) is immediate. Moreover, 

[L.F ■.F] = [L:K], 

i.e., F is linearly disjoint from L over K . 

Proof: v{L.F) contains vL and {L.F)v contains Lv. On the other hand, we have 
vF = vK and Fv = Kv by hypothesis. Therefore, 

[L.F : F] > {v{L.F) : vF) ■ [{L.F)v : Fv] 

> {vL : vK) ■ [Lv : Kv] = [L:K]> [L.F : F] 

hence equality holds everywhere. This shows that [L.F : F] = [L : K] and that L.F\F is 
defectless with unique extension of the valuation. Furthermore, it follows that v{L.F) = 
vL and {L.F)v = Lv, i.e., L.F\L is immediate. □ 

The reader should note that if the finite extension L\K is not normal and there are 
more than one extension of v from K to L, then d{L\K,v) = 1 does not imply that 
equality holds in (9). It may happen that for one extension of v the henselian defect is 
1 while for another extension it is > 1. In this case, the henselian defect depends on the 
chosen extension of v from K to L. On the other hand, this will not happen when L\K 
is normal. 

Applying the lemma to purely inseparable extensions L\K, we obtain: 

Corollary 2.12 Every immediate extension of an inseparably defectless field is separable. 

Proof: If {K,v) is an inseparably defectless field and {F\K,v) an immediate extension, 
then every finite purely inseparable extension {L\K,v) satisfies [L : K] = {vL : vK)[Lv : 
Kv], and L is therefore linearly disjoint from F over K by the previous lemma. It follows 
that also K^/p°° is linearly disjoint from F over K. □ 

In the following we give two basic examples for extensions with defect > 1 (one can 
find more nasty examples in [K5] and [K7]). The following is due to F. K. Schmidt. 

9 



Example 2.13 We consider Fp((t)) with its canonical valuation v = Vt . Since Fp((t))|Fp(t) 
has infinite transcendence degree, we can choose some element s G Fp((t)) which is tran- 
scendental over Fp(t). Since (¥p{(t))\¥p(t),v) is an immediate extension, the same holds 
for (¥p(t, s)\¥p(t),v) and thus also for (Fp(t, s)\¥p(t, s^), f ). The latter extension is purely 
inseparable of degree p (since s, t are algebraically independent over Fp , the extension 
Fp(s)|Fp(sP) is linearly disjoint from Fp(t, s^)\¥p{s^) ). Hence, there is only one extension 
of the valuation v from Fp(t, s^) to Fp(t, s). So we have e = / = 5^ = 1 for this extension 
and consequently, its defect is p. 

A defect can appear "out of nothing" when a finite extension is lifted through another 
finite extension: 

Example 2.14 In the foregoing example, we can choose s such that vs > 1 = vt. Now we 
consider the extensions (Fp(t, s^)\¥p(t^, s^),v) and (Fp(t + s, s^)|Fp(t^, s^),v) of degree p. 
Both are defectless: since v¥p{t^, s^) = pZ and v{t + s) = vt = 1, the index of v¥p{t^, s^) 
in v¥p{t, sP) and in v¥p{t + s, s^) must be (at least) p. But Fp(t, sP).¥p{t + s, s^) = Fp(t, s), 
which shows that the defectless extension (Fp(t, sP)\¥p{tP, sP),v) does not remain defectless 
if lifted up to Fp(t + s, s^) (and vice versa). 

2.3 Defect of h- finite extensions 

For a finite extension {L\K,v) such that v extends uniquely from K to L, the defect 
measures how far the fundamental inequality (9) is from being an equality. More generally, 
this can be done for every algebraic extension {L\K,v) such that {L^\K^,v) is finite, i.e., 
{L\K,v) is an h-finite extension. This requires that we work with a fixed extension of v 
to the algebraic closure K, which in turn determines the henselizations of K and all its 
algebraic extensions. In this case, we set 

'^^''^''^''^'■= ivL:vK)[Lv:Kvy 

Since the henselization is an immediate extension, we have that vK^ = vK, K^v = Kv, 
vL^ = vL and L^v = Lv. Therefore d{L\K,v) is equal to the earlier defined defect of the 
extension {L^\K^,v). It is called the henselian defect or just the defect of {L\K,v) as 
d{L\K,v) = d{L^\K^,v) when v extends uniquely from K to L. 

In general, the defect can increase or decrease if an h-finite extension is lifted up 
through another extension. A defectless extension may turn into an extension with non- 
trivial defect after lifting up through an algebraic extension (as seen in Example 2.14). 
On the other hand, every h-finite extension with nontrivial defect of a valued field {K, v) 
becomes trivial and thus defectless if lifted up to the algebraic closure K. At least we can 
show that if the defect decreases, then there is no further descent after a suitable finitely 
generated extension. 

As a preparation, we need the following fact which at first glance may appear to be 
obvious. But a closer look reveals that proving it is more difficult than expected. In 
order to get a feeling for the hidden difficulties, the reader should note that if K[x)\K is 
a simple transcendental extension and we take an element c in the henselization of K{x) 
which is algebraic over K, it may not lie in the henselization of K (cf. Theorem 1.3 of 
[K3]). 
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Lemma 2.15 Take an arbitrary extension {L\K,v) and elements Ci, . . . ,Cm G L^. Then 
there exist elements di, . . . ,dn E L such that Ci, . . . , c^ G K{di, . . . , dn)^. 

This lemma is proved in [K8]. Now we are ready to prove the following result. 

Lemma 2.16 Let {L\K,v) and {F\K,v) be subextensions of a valued field extension 
{VL\K,v) such that F\K is finitely generated and L.F\L is h-finite. Then there exists 
a finitely generated subextension Lq\K of L\K such that for every subfield Li of L con- 
taining Lq, the following holds: 

1. [{L.Ff : L^] = [{L,.Ff : L% 

2. {v{L.F) : vL) < {v{Li.F) : vLi), 

3. [{L.F)v : Lv] < [{Li.F)v : Liv], 

4. d{L.F\L,v) > d{Li.F\Li,v). 

Proof: Since [{L.F)^ : L^] is finite, the fundamental inequality (9) shows that {v{L.F) : 
vL) and [{L.F)v : Lv] are finite too. Hence there exist Oi, . . . , a^ G L.F such that 

v{L.F) = vL + Zfai + . . . + Zf a^ , 

and there exist bi, . . . ,bs G L.F such that 

{L.F)v = Lv{biv, . . . , bgv) . 

In order to write out ai, . . . , a^, 6i, . . . , &s as elements of the compositum L.F, we need 
finitely many elements a[, . . . ,a'i.,b[, . . . ,b'^ G L. Whenever Li C L is an extension of K 
which contains these elements, then ai, . . . ,ar,bi, . . . ,bs G Li.F and it follows that 

{v{Li.F) : vLi) > {v{L.F):vL), (11) 

[iL^.F)v : L^v] > [iL.F)v : Lv] , (12) 

the left hand sides not necessarily being finite. 

Now if Li satisfies assertion 1 of our lemma, then the left hand sides of (11) and (12) 
have to be finite, and we will have that 

diL,.F\L.,v) ^ liL.Fr--L^^] 



[v{L^.F) : vLr) ■ [{L^.F)v : L^v] 



< T-. }^^'^}\'^'K T = d{L.F\L,v). 

- {v{L.F) : vL) ■ [{L.F)v : Lv] ^ ' ' ^ 

Since F\K is finitely generated by assumption, we can write F = K{zi, . . . ,zt). Then 
Zi, . . . ,Zt are algebraic over L^, and we take ci, . . . ,Cm G L^ to be all of the coefficients 
appearing in their minimal polynomials. By Lemma 2.15 there exist elements di, . . . ,dn G 
L such that ci, . . . , Cm G K{di, . . . , dn)^- Hence as soon as di, . . . ,dn G Li, zi, . . . ,zt are 
algebraic over L'^ with [L'l{zi, . . . , Zt) : i^i] = [L^{zi, . . . , Zt) : L^]. It then follows that 

11 



F\Li is algebraic, so that (Li.F)^ = L^.F by Lemma 2.1 (where we take L = Li.F and 
K = Li). This yields the equalities 

[(Li.F)'* : L?] = [L^.F'^ : L?] = [L^,{z„ ...,z,):L\] = [L\z,, . . . , z,) : L^] 
= [L'^.F : L^] = \{L.Ff : L^] , 

so that assertion 1 is satisfied. Hence if we set Lq := K{a[, . . . ,a'^,b[, . . . ,b'f^,di, . . . , dn), 
then all assertions of our lemma will be satisfied by every subfield Li C L that contains 

Ln. □ 



2.4 Transcendence bases of valued function fields 

For the easy proof of the following lemma, see [B], chapter VI, §10.3, Theorem 1. 

Lemma 2.17 Let {L\K,v) be an extension of valued fields. Take elements Xi,yj G L, 
i & I , j E J , such that the values vXi , i E I , are rationally independent over vK , and 
the residues yjV, j G J, are algebraically independent over Kv. Then the elements Xi,yj, 
i E I, j E J, are algebraically independent over K . 
Moreover, if we write 

f = T.^k n<''' n^r'^ ^ K[x,,y, \tei,jej] 

k iei jeJ 

in such a way that for every k ^ i there is some i s.t. ^k,i 7^ Ai£,i or some j s.t. Ukj 7^ i^ej , 
then 

vf = min t^CfcH^r'' IT ^r'' = "^^^ '"'^^ + '^f^k,iVXi . (13) 

ie/ jeJ iei 

That is, the value of the polynomial f is equal to the least of the values of its monomials. 
In particular, this implies: 

vK{xi, yj \ i E I,j E J) = vK © ^ ZfXj 

i&I 

K{xi, yj \iE I,j E J)v = Kv {yjV \ j E J) . 

Moreover, the valuation v on K{xi,yj \ i E I,j E J) is uniquely determined by its 
restriction to K , the values vXi and the residues yjV. 

Conversely, if {K, v) is any valued field and we assign to the elements vxi any values 
in an ordered abelian group extension of vK which are rationally independent, then (13) 
defines a valuation on F , and the residues yjV, j E J, are algebraically independent over 
Kv. 

As a consequence of the above lemma and the fundamental inequality (9), we have: 

Corollary 2.18 (Abhyankar Inequality) Let {F\K,v) be an extension of valued fields 
of finite transcendence degree. Then the Abhyankar Inequality (1) holds. If in addition 
F\K is a function field and if equality holds in (1), then the extensions vF\vK and Fv\Kv 
are finitely generated. 
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The following is Lemma 2.8 of [K4]: 

Lemma 2.19 Let {F\K,v) be a valued function field without transcendence defect and 
V = wow, then {F\K,w) and {Fw\Kw,w) are valued function fields without transcendence 
defect. 

A transcendence basis T of an extension {L\K, v) is called valuation transcendence 
basis, if for every choice of finitely many distinct elements ti, . . . ,t„ G T, the value of 
every polynomial / in K[ti, . . . ,t„] is equal to the value of a summand of / of minimal 
value, i.e., 

t'lE^C ■ ■ -C) = rmnv{ca\' ■ ■ "O- (14) 



u 



By Lemma 2.17, every standard valuation transcendence basis is a valuation transcendence 
basis. 

Lemma 2.20 Let {L\K,v) be an extension of valued fields of finite transcendence degree. 
Then the following assertions are equivalent: 

1. {L\K.,v) is an extension without transcendence defect. 

2. {L\K.,v) admits a standard valuation transcendence basis, 

3. {L\K,v) admits a valuation transcendence basis. 

Proof: 1.^ 2. was shown in the Introduction. 

2.^ 3. follows from our remark preceding the lemma. 

3.^ 1.: Let T = {ti,...,t„} be a valuation transcendence basis of {L\K,v). Hence 
n = trdegL|ii'. We can assume that the numbering is such that for some r > 0, the values 
vti, . . . , vtr are rationally independent over vK and the values of every r + 1 elements in 
T are rationally dependent over vK. That is, for every j such that 0<j<s:=n — r, 
there are integers Uj > and Uij, 1 < i < r, and a constant Cj G K such that the element 

t'. ■= cf' ■Y\t'^'' 

has value 0. Observe that r < rr vL/vK and that r + s = trdegL|i^. Now assume that 
{L\K,v) has nontrivial transcendence defect. Then 

s = trdegL|i^ — r > trdegL|i^ — TrvL\vK > tTdegLv\Kv. 

This yields that the residues t[v, . . . ,t'^f are not fTf-algebraically independent. Hence, 
there is a nontrivial polynomial g{Xi, . . . , Xg) G Ok[Xi, . . . , Xs] such that g{t[, . . . , t'g)v = 
0. Hence vg{t[, . . . ,t'g) > 0. After multiplying with sufficiently high powers of every 
element ti,l < i < r, we obtain a polynomial / in ti, . . . ,t„ which violates (14). But 
this contradicts our assumption that T be a valuation transcendence basis. Consequently, 
{L\K,v) can not have a nontrivial transcendence defect. □ 



13 



2.5 The defect of valued function fields 

Let {F\K^v) be a subhenselian function field without transcendence defect. In the fol- 
lowing we will show that the defect d{F\K,v), defined in (3), is finite and equal to 
the henselian defect d{F\K{T),v) for every standard valuation transcendence basis T 
o{{F\K,v). 

Lemma 2.21 Take an extension {K{T)\K,v), where T = {xi,yj \ i G I,j G J} satisfies 
(2). Let vi, . . . ,Vg be the extensions ofv from K(T) to L(T). Then Vi, . . . ,Vg are uniquely 
determined by their restrictions to L, and these restrictions are precisely the extensions 
of V from K to L. Moreover, for 1 <i < g, 



d{L{T)\K{T),Vi) = d{L\K,v,), 


(15) 


e{L{T)\K{T),Vi) = e{L\K,v,) , 


(16) 


f{L{T)K{T),Vi) = f{LK,v,), 


(17) 


<iL(T) = ViL + vK{T) and L{T)vi = Lvi . K{T)v . 


(18) 



Proof: The first two assertions follow from Lemma 2.17, which also shows that vK{T) = 
vK © 0jg/ Zt>a;j and ViL(T) = ViL © Qi^jZvXi. Hence, ViL(T)/vK(T) ~ ViL/vK, 
which proves equation (16). Again by Lemma 2.17, K{T)v = Kv{yjV \ j E J) and 
L{T)vi = LviijjjV \ j G J). Since the elements yjV are algebraically independent over 
Kv and Lvi\Kv is algebraic, Kv{yjV \ j G J)\Kv is linearly disjoint from Lvi\Kv, which 
yields (17). Also, (18) follows immediately from the above described form of the value 
groups and residue fields. 

Since the elements of T are algebraically independent over K, the extension K{T)\K 
is linearly disjoint from K\K and thus, [L{T) : K{T)] = [L : K]. In view of Lemma 2.1, 
we have that 

[L(T)^''^'-* : K(T)^'''"^^] = \lJ^'^'"i\KiT)^^'"'-'^ : K^^^'-\KiT)^'^'"^^] < \L^^'"'-^ ; /^^(^i)] . (ig) 
But from (10) we obtain that 

J2 [i^(T)^("») : ir(T)''("^)] = [L{T) : K{T)] = [L : K] = ^ [L''^"^) : K''^''^^] 
^<i<g 1<«<9 

which shows that equality must hold in (19). Now (15) follows from the definition of the 
henselian defect. □ 

To facilitate notation, we will from now on assume that all valued field extensions 
of {K, v) are contained in a large algebraically closed valued field extension of {K, v) 
and their henselizations are taken within this extension. This enables us to suppress the 
mentioning of the valuation. 

Lemma 2.22 Let F\K be a subhenselian function field without transcendence defect. 
Then for every standard valuation transcendence basis T of F\K there exists a finite 
extension Kt of K such that for every algebraic extension L of K containing Kt, the 
following holds: 
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1. the extension L.F\L{T) is defectless 

2. ifL\K is h-fimte, then d{L.F\K{T)) = d{L{T)\K{T)) = d{L\K). 

Proof: Assume that L\K is an h-finite extension such that L.F\L{T) is defectless. Then 

d{L.F\K{T)) = d{L.F\L{T)) ■ d{L{T)\K{T)) = d{L(T)\K{T)) = d{L\K) , 

where the last equation holds by Lemma 2.21. Hence we may restrict our attention to 
the fulfillment of assertion 1. 

The extension K.F\K{T) is defectless by Theorem 1.6 and Lemma 2.5. By Lemma 2.16 
there exists a finitely generated subextension Lq\K{T) of K{T)\K{T) such that 

d{Li.F\Li) < d{k.F\k{T)) = 1 

whenever Lq G Li G K{T). Let Kt be a finitely generated algebraic (and hence finite) 
extension of K such that Lq G KriT). Then d{L.F\L{T)) < d{K.F\K{T)) = 1 for every 
algebraic extension L oi K which contains Kt- □ 

Proof of Theorem 1.5: 

Take any transcendence basis To of F\K. Then also K{Tq)\K is without transcendence 
defect because it has the same transcendence degree as F\K, vF/vK(Tq) is a torsion group, 
and Fv\K{Tq)v is algebraic. Hence K{Tq) admits a standard valuation transcendence 
basis T over K. We compute: 

d{F\K{To)) < d{F\K{To)) ■ d{K{To)\K{T)) = d{F\K{T)) . 

This shows that 

d{F\K) = sup d{F\K{T)) , 

T 

where T runs over standard valuation transcendence bases only. Since F is a subhenselian 
function field, every d{F\K{T)) is a finite number. It remains to show that for any two 
standard valuation transcendence bases Ti and T2, 

d{F\K{Tr)) = d{F\K{T2)) . 

We choose finite extensions K^^ and Kt2 according to Lemma 2.22. Putting Lq = K^^. Kt2 
we get by Lemma 2.22: 

d{LQ.F\K{Ti)) = d{Lo\K) = d{Lo.F\K{T2)) 

and from this we deduce 

This proves (4) and that the defect is independent of the chosen standard valuation 
transcendence basis. 
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Furthermore, using Lemmas 2.21 and 2.22, for any finite extension L of K containing 
Kt^ we observe the following: 

d{L{T2)\K{T2)) = d{L\K) = d{L.F\K{Ti)) = d{L.F\F) ■ d{F\K{Ti)) 
= d{L.F\F) ■ d{F\K{T2)) = d{L.F\K{T2)) 

showing that 

d{L.F\L{T2)) = d{L.F\K{T2))/d{L{T2)\K{T2)) = l. 

Hence every algebraic extension L of Kt^ satisfies assertion 1 and also the first part of 
assertion 2, because 



d{L.F\F) d{L.F\F) 

where the last equation holds by Lemma 2.22. The second part of assertion 2 follows from 

d{N\K) = d{N{T^)\K{T^)) 

< d{N.F\K{Ti)) = d{N.F\F) ■ d{F\K{Ti)) = d{N.F\F) ■ d{F\K) 

and the fact that equality holds for the finite extension Kt^ of K. □ 

3 Completion Defect and Defect Quotient 

This section contains our results on completion defect and defect quotients for finite (and 
more generally, h-finite) extensions as well as for valued algebraic function fields (and 
more generally, subhenselian function fields). 

3.1 The case of h-finite extensions 

The following observations are immediate from the definitions. We have that 

d{L\K) = dc{L\K) ■ dg{L\K) . (20) 

Thus for h-finite extensions of q-defectless fields, the completion defect equals the ordinary 
defect. Every h-finite extension L\K satisfies: 

dc{L\K) = dc{L^\K'') and dg{L\K) = dg{L^\K^) . 

Hence, i^ is a c-defectless or q-defectless field if and only if its henselization K^ is a 
c-defectless or q-defectless field, respectively. If also M\L is h-finite, then we have that 
[M'^^ : K'^'^] = [M^^ : L^^] ■ [L'^^ : K'^^ and from the multiplicativity of of ramification 
index and inertia degree we obtain the following analogue of Lemma 2.7: 

4(M|K) = dc{M\L) ■ d^{L\K) and dq{M\K) = dq{M\L) ■ dq{L\K) . (21) 

From this multiplicativity, one derives: 
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Lemma 3.1 Let {L\K,v) be an h-finite extension. Then {K,v) is a q-defectless field if 
and only if {L\K,v) is q-defectless and {L,v) is a q-defectless field. The same holds for 
"c-defectless" instead of "q-defectless". 

In passing, we make the following observation, which we will not need further in this 
paper. 

Lemma 3.2 If L\K is a c-defectless and immediate h-finite extension, then L^ is a purely 
inseparable extension of K^ included in its completion K^^. 

Proof: If L I if is an immediate h-finite extension, then {vL : vK)[Lv : Kv] = 1 and 
therefore, dc{L\K) = [L^'^ : K^'^]. If in addition L\K is c-defectless, then K^^ = L^'^ = 
lhj<[hc^ which implies that L^ C K^^. Since K^ is separable-algebraically closed in its 
completion K^"^ by Lemma 2.4, the extension L^\K^ must be purely inseparable. □ 

The completion defect dc{L\K) and the defect quotient dq{L\K) are integers dividing 
d{L\K) and hence are powers of p. To see this, we use that [L^"^ : K^'^] = [L.K^'^ : K^'^] < 
[L.K^ : K^] = [L^ : K^'] . This gives: 

Since on the other hand, dc{L\K) is the defect of the extension L^'^\K^'^, it is a power of j9 
and consequently a divisor of d{L\K). This yields that also dq{L\K) = d{L\K)dc{L\K)~^ 
is an integer dividing d{L\K) and a power of p. 

In (22), equality holds if and only if 

^^hc . j^hc^ ^ ^j^h . j^h^ ^ ^23) 

which in view of L^'^ = L^.K^'^ means that L^ is linearly disjoint from K^'^ over K^. 
Since the henselian field K^ is relatively separable-algebraically closed in its completion, 
equation (23) holds whenever L^\K'^ is separable-algebraic; hence it holds for every h-finite 
separable extension L\K. This proves: 

Lemma 3.3 Every h-finite separable extension is q-defectless. In general, an h-finite 
extension L\K is q-defectless if and only if Equation (23) holds. 

We deduce: 
Proof of Theorem 1.3: 

Let i^ be a c-defectless field. By Lemma 3.3, we know that every h-finite separable 
extension of K is q-defectless, i.e., its completion defect equals the ordinary defect. Thus 
every finite separable extension of K is defectless and consequently, K is a, separably 
defectless field. 

For the converse, assume that K is separably defectless. Then by Lemma 2.5, also its 
henselization is separably defectless. Now Lemma 2.9 shows that K^'^ is defectless. By 
virtue of the definition of the completion defect, this proves K to be c-defectless. □ 

We will need the following theorem from [K6]: 
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Theorem 3.4 Take z e K\K such that 

v{a — z) > {v{a — c) | c G K} 

for some a G K^. Then K^ and K{z) are not linearly disjoint over K , that is, 

[K''{z) : K''] < [K{z) : K] 

and in particular, K{z)\K is not purely inseparable. 

With this theorem, we are able to prove: 

Lemma 3.5 For every finite purely inseparable extension L\K , L'^ is linearly disjoint 
from K^'^ over K'^, and 

The first equation holds more generally whenever L\K is h-finite. 

Proof: Take a finite purely inseparable extension L\K and assume that L^ is not linearly 
disjoint from K^^ over K^. Then there exists an intermediate field N between L and K 
and an element zeL\N,z^&N, such that 



he 



z ^ N.K^ but z G N.K 

Since z ^ N.K'^ = N'^, the set {2; — c | c G A^} is bounded from above. Since z G 
]\fj{hc _ ]\fhc^ there exists an element a G A^'' such that v{a — z) = v{z — a) > v{z — c) 
for all c & N. This implies v{a — c) = min{f(a — z),v{z — c)} = v{z — c), so that 
v{a — z) > {v{a — c) | c G A^}. Now Theorem 3.4, with A^ in place of K, proves that A^'* 
and N[z) are not linearly disjoint over A^, which is a contradiction since N{z)\N is purely 
inseparable, while the henselization of a valued field is a separable extension. 

We have proved that L'^ is linearly disjoint from K^'^ over K'^. Since L'^ C L^'^ and 
L.K^^ = L^'^, we also have that L^.K^'^ = L^^. This together with the fact we have just 
proved implies that [L^^ : K^^] = [L'^ : K^]. 

Now we observe that K'^ C K'^^ C K'^^ and L'^.K'^^ = L'^^, which yields that 

so equality holds everywhere. 

Now take an arbitrary h-finite extension L\K, and take Ls\K to be its maximal sep- 
arable subextension. By what we have seen earlier, the finite extension L^ is linearly 
disjoint from K^'^ over K^. Since L\K is h-finite, the subextension L'^\K^ is finite, and 
since L'^^.K''^ = L^^ we obtain that [L^'^ : K''^] = [L^ : K'']. Since K'' C K^^ C K^'' and 

[L^f : K^^] < [Lf : K''^] < [L^ : K^] = [L^^ : K^"] , 
so equality holds everywhere. 



We observe that [Ls : L] must be finite since L^\K^ is finite by assumption and the 
purely inseparable extension L is linearly disjoint from the separable extension L^ over 
Lg. Thus, applying what we have shown in the first part of the proof, with Lg in place 
of K, we obtain that [L^^ : Lf] = [L^^ : Lf]. Therefore, [L^^ : K^""] = [L^^ : L^f] ■ [L^^ : 

Proof of Proposition 1.1: 

Take an h- finite extension L\K. We have: 



vL"" : vK"") ■ [L^'v : K^'v] {vL : vK) ■ [Lv : Kv] 



dc{L\K) , 



{vL : vK) ■ [Lv : Kv] 

where the second equality holds since the completion is an immediate extension, and the 
third equality is taken from the previous lemma. 

The second assertion of the proposition has been proven in Lemma 3.3. □ 

Proof of Proposition 1.2: 

Take a finite extension L\K, and Ls\K its the maximal separable subextension of L\K. 
Then L\Ls is purely inseparable, and as we have see in the proof of Lemma 3.5, it must 
be finite. By Lemma 3.3, dq{Ls\K) = 1 and 

d,iL\K) = d,{L\L,) . d,{Ls\K) = d,{L\L,) = p^^ • 



s 



Since L is linearly disjoint from L^ over Lg , we find that 

[L^ : L^] = [L.L': : L^] = [L : L,] = [L : ;^],,,ep • 

Further, L'^ = L.L'^ is a purely inseparable extension of L^ and therefore linearly disjoint 
from L'f' over L^. Using in addition the first equation from Lemma 3.5 and the fact that 
L'g = Ls-K'^ is a separable extension, we obtain that 



[L^" : Lf] = [L"^ : Lf] = [L^.Lf : Lf] = [L' : L^] = [L" : K"' 



Jmscp • 

This proves the proposition. □ 

Proof of Theorem 1.4: 

K is q-defectless if and only if every finite extension L|i^ is q-defectless. In view of the 
multiplicativity (21) of the defect quotient and the fact that every finite extension is 
contained in a finite normal extension, it follows that K is q-defectless if and only if every 
finite normal extension L|i^ is q-defectless. Again by multiplicativity, and by the fact 
that a normal extension L\K admits an intermediate field A^ such that N\K is purely 
inseparable and L\N is separable and thus q-defectless (Lemma 3.3), it follows that K 
is q-defectless if and only if every finite purely inseparable extension L\K is q-defectless. 
By Proposition 1.2, this is the case if and only if [L : K] = [L^ : K'^] = [L.K'^ : K*^], i.e., 
L is linearly disjoint from K'^ over K"^, for every finite purely inseparable extension L\K. 
This holds if and only if K'^\K is separable. □ 

We will now consider the behaviour of the defects under coarsenings of the valuation. 
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Lemma 3.6 Take a finite extension {L\K,v) and a decomposition v = w o w of v with 
nontrivial w. Then 

dq{L\K,v) = dq{L\K,w) (24) 

dc{L\K,v) = dc{L\K,w) ■ d{Lw\Kw,w) . (25) 

Proof: To prove the equation for the defect quotient, we use Proposition 1.2 together 
with the fact that for every nontrivial coarsening w of the valuation v, the completion 
j{c{w) q£ j^ with respect to w coincides with the completion K'^ with respect to v. We 
obtain: 

dq(L\K,v) = ■7-—r-^ — T^ I M = -rrT~\ — 7n~^ = dq(L\K,w) . 

This proves equation (24). Using this result, we compute: 

^^rlzv- ^ d{L\K,v) d{L\K,w) ■ d{Lw\Kw,w) ,fr\T^ \ a(t \i^ -\ 

dc{L\K,v) = = TTTrP — ^ = dc{L\K,w) ■ d{Lw\Kw,w) , 

dq[L\K,v) dq{L\K,w) 

proving equation (25). □ 



Lemma 3.7 Let {L\K,v) be a finite extension of henselian fields and assume that v 
admits no coarsest nontrivial coarsening. Then there is a nontrivial coarsening w such 
that 

dc{L\K,w) = 1. 

If in addition the extension L\K is separable, this means that 

d{L\K,w) = 1 and d{L\K,v) = d{Lw\Kw,w) , 

where W is the valuation induced by v on Lw. 

Proof: First, we note that if L\K is a finite separable extension with dc{L\K,w) = 
1, then d{L\K,w) = 1 by Proposition 1.1; in view of Lemma 2.10, this implies that 
d{L\K,v) = d{Lw\Kw,W). 

Next, we prove the first assertion of our lemma in two special cases: 

Case 1: L = K{a) is separable. Let f{X) G K[X] be the minimal polynomial of a over 
K and let q, < i < n be the coefficients of /. Then by our hypothesis on the rank of 
V there exists a nontrivial coarsening w of f such that w is trivial on k{co, . . . , c„), where 
k denotes the prime field of K. This shows that fw is a separable polynomial over Kw 
of the same degree as /; moreover it is irreducible since if it were reducible, then the 
same would follow for / by Hensel's Lemma (as {K, w) is henselian by our hypothesis 
on {K,v) and Lemma 2.2). Hence in this case, [L : K] = [Lw : Kw] and consequently 
d{L\K,w) = I and d^{L\K,w) = 1. 

Case 2: L|i^ is a purely inseparable extension of degree p. If dq{L\K, v) = p, we are done 
because then dc{L\K, v) = 1 and we take w = v. So we assume that dq{L\K, v) = 1. Then 
by Proposition 1.2, [L : i^jmscp = [L'^ '■ -^''^jinsep, showing that a cannot be an element of 
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K^. Consequently, there is an element a G vK such that v{a — b) < a for all b & K. By 
our hypothesis on the coarsenings of v there exists a nontrivial coarsening w oiv such that 
w{a — b) =0, hence aw ^ bw for all b & K (this is satisfied if the coarsening corresponds 
to any proper convex subgroup of vK which includes a). This shows aw ^ Kw and thus 
[Lw : Kw] = p, which yields that d{L\K,w) = 1 and dc{L\K,w) = 1. 

It remains to treat the case where L|i^ is not simple. We then write L = K{ai, . . . , a„) 
with n > 1 and such that for every i < n, the extension K{ai, . . . , ai+i)\K{ai, . . . ,ai) is 
of degree p if it is inseparable. Now we proceed by induction on n. Suppose that we have 
already found a nontrivial coarsening w' of w such that dc{K{ai, . . . ,an-i)\K,w') = 1. 
Applying what we have proved above, with K{ai, . . . , a„_i) in place of K and w' in place 
of V, we find a nontrivial coarsening w of w' such that dc{L\K[ai, . . . , a„_i), w) = 1. From 
Lemma 3.6 we know that also dc{K{ai, . . . , an~i)\K, w) = 1 since w is a coarsening of w'. 
By the multiplicativity of the completion defect, we obtain that dc{L\K,w) = 1. This 
completes the proof of our Lemma. □ 



3.2 The case of subhenselian function fields 

Let us introduce some useful notions. Take an element z in some valued field extension of 
{K, v). Then z is called value transcendental over {K, v) if vz is not a torsion element 
modulo vK, and it is called residue transcendental over {K, v) if f z = and zv is 
transcendental. If either is the case, we call z valuation transcendental over {K,v). 
For example, the elements Xi from (2) are value transcendental, and the elements yj are 
residue transcendental over {K,v). 

Lemma 3.8 Let K{T)\K he an extension of valued fields with standard valuation tran- 
scendence basis T. Then for every element b G K{T) \ K, there exist elements c',c E K 
such that c'{b — c) is valuation transcendental. 

Proof: Take b = f/g G K{T) with f,g E ^[T]- By Lemma 2.17, the value of the 
polynomials /, g is equal to the minimum of the values of the monomials in / resp. g, and 
these monomials are uniquely determined; we will call them /q and gQ. If /o differs from 
go just by a constant factor c E K, then we set /i = / — eg and observe that the monomial 
ho of least value in h will not anymore lie in KgQ. If already /o ^ Kgo, then we put c = 0, 
h = f and ho = /q. Note that h j^ and thus ho j^ since by hypothesis, f/g ^ K. We 
have that 

b — c = c= — with V— = V — , 

9 9 9 9o 

and we know that in the quotient ho/ go, at least one element of T appears with a nonzero 
(integer) exponent. If at least one of these appearing elements from T is value transcen- 
dental, then ho/ go and thus also 6 — c is value transcendental over K. In this case, we set 
c' = 1. 

In the remaining case, we write 

° d-yl'-...-y'/ , ei,...,e, gZ, 



^0 
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where d G K, and yi, . . . ,ys are different residue transcendental elements from T. Since 
the residues yiv, . . . , ygV are algebraically independent over Kv, this shows that ho/dgo 
and thus also h/dg are residue transcendental over K. Putting c' = d~^, we obtain that 
c'{b — c) is residue transcendental over K. □ 



The following proposition is a part of the assertion of Theorem 1.8. 

Proposition 3.9 Take a subhenselian function field F\K without transcendence defect. 
If K is a q-defectless field or vK is not cofinal in vF , then F is a q-defectless field. 

Proof: Take a standard valuation transcendence basis T of F|i^. In view of Lemma 3.1 
we only have to show that K{T) is a q-defectless field (hence we may assume F = K{T)). 
This will follow from Theorem 1.4 if we can show that the completion of F is a separable 
extension. 

As the first case, let us assume that K is a q-defectless field and that vK is cofinal in 
vF. Then the completion F'^ of F contains the completion K'^ of K. By our hypothesis 
on K and Theorem 1.4, K^^p°° is linearly disjoint from K'^ over K. We want to show now 
that K^/p°° is even linearly disjoint from F'^ over K. This will follow if we prove that 
K^/p°° ,K'^ is linearly disjoint from F'^ over K^. 



j^i/p°°(j^Y 




p^/p° 



imm 




pj^i/p^= K^lp"^ {T) 



K'^/p° 



Assume the contrary. Then there is a finite purely inseparable extension N oi K 
and an element a E K^'^"' such that a E N.F^ \ N.K". Since a ^ N.K" = N^, the 
set v{a — A^) must be bounded from above. Now N.F'^ = {N.FY, hence there exists an 
element b E N.F = N{T) such that v{a — b) > v{a — N). But according to the preceding 
Lemma, there exist elements c,c' E N such that c'{b — c) is valuation transcendental. As 
a is algebraic over A^, this yields that 

v{c'{a — c) — c'(6 — c)) = min{wc'(a — c),vc'{b — c)} < vc'{a — c) 
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and consequently, 

f (a — b) = v{c'a — c'b) — vc' = v{c'{a — c) — c'{b — c)) — vc 



< vc'(a-c' -'' 



vc = v[a — c 



a contradiction as v{a — b) > v{a — N). We have shown that K^/p°° is hnearly disjoint 
from F^ over K. Consequently, F.K^^^°° is linearly disjoint from F"^ over F. 

By Theorem 1.6, F.K^/'^°° = K^^^°° [T) is an inseparably defectless field. On the 
other hand, the extension F'^ .K'^/^°° \F.K^^^°° is immediate since F^.K^f^°° is included in 
X^/p°°(TY. Now Corollary 2.12 shows that F^'p°° = K{Ty/P" is hnearly disjoint from 
pc-^i/p°° Qygj, F.K^'P°° . Putting this result together with what we have already proved, 
we see that F^'P°° is linearly disjoint from F"^ over F. Hence by Theorem 1.4, F is 
q-defectless. This completes our proof in the first case. 

In the remaining second case, vK is not cofinal in vF, i.e., the convex hull of vK in 
vF is a proper convex subgroup of vF. Consequently, there exists a nontrivial coarsening 
w of the valuation f on F which is trivial on K. Trivially, {K, w) is a defectless field, 
and so is {F,w) according to Theorem 1.6 since by Lemma 2.19 it is a function field 
without transcendence defect over {K,w). Thus any finite purely inseparable extension 
is defectless and thereby linearly disjoint from the w-completion F'^^'^^ of F since this is 
an immediate extension of F. On the other hand, the topology induced by v equals the 
topology induced by any nontrivial coarsening of v, whence F'^'^'^^ = F'^. Consequently, 
pi/p°° jg linearly disjoint from F^. By virtue of Theorem 1.4, this completes our proof. □ 

On the basis of Proposition 3.9, we are able to prove the following lemma: 

Lemma 3.10 Let K{T)\K he an extension of valued fields with standard valuation tran- 
scendence basis T. Let L be a finite extension of K . If vK is cofinal in v{K{T)), then 

d,{L{T)\K{T)) = d,{L\K) 
d,{L{T)\K{T)) = d,{L\K). 

If vK is not cofinal in v{K{T)), then 

d,{L{T)\K{T)) = d{L{T)\K{T)) = d{L\K) 
d,{L{T)\K{T)) = l. 

Proof: If vK is not cofinal in v{K{T)), the assertion follows from Proposition 3.9 
together with equations (15) and (20). Let us assume now that vK is cofinal in v{K(T)). 
Again by equations (15) and (20), it suffices to prove the first equahty. 
Using Lemma 2.21and that L^^(T) = {L.K^^T) = L.{K^\T)), we obtain that 

dc{L\K) = d{L^''\K''') = d{L^\T)\K^\T)) . (26) 

The complete field K^"^ is q-defectless by Theorem 1.4. Hence by Proposition 3.9, K^'^{T) 
is a q-defectless field too. Consequently, 

d{L^\T)\K^''{T)) = dc{L^\T)\K^''{T)) = d{{L^\T)f''\{K^\T)f^) 
= d{L{Tf^\K{Tf^) , 
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LiTf" = L.K{TY^ = {L^\T)) 



L^^iT) = L.K'^^T) 



K 



he 



L^^ = L.K 



L 



he 



K 



where the last equation holds since {L^^iT))^" = L(TY^ and {K^^{T)f^ 
Putting this together with equation (26), we obtain that 



K{Tf''. 



d,{L\K) = d{L{Tf'\K{T) 



\hc\ 



d,{L{T)\K{T)) . 



n 



Proof of Theorem 1.7: 

Take any transcendence basis Tq of F|i^. As in the proof of Theorem 1.7 it follows that 
K{Tq)\K is without transcendence defect and admits a standard valuation transcendence 
basis T over K. We compute: 

d,{F\K{T^)) < d,{F\K{To)) ■ d,{K{To)\K{T)) = d,{F\K{T)) , 
d,{F\K{T^)) < <d,{F\K{n))-d,{K{T^)\K{T)) = d,{F\K{T)), 



showing that 

de{F\K) 



sup d^{F\K{T)) and dg{F\K) = sup dg{F\K{T)) 

T T 



where the supremum is only taken over all standard valuation transcendence bases of 
F\K. For the proof of equations (5) it suffices now to show that dc{F\K{T)) is equal 
for all standard valuation transcendence basis T, and that the same holds for the defect 
quotient. 

If vK is not cofinal in vF, then by virtue of Proposition 3.9, K{T) is q-defectless. 
Using Theorem 1.5, we obtain: 

dq{F\K{T)) = 1 and d,{F\K{T)) = d{F\K{T)) = d{F\K) , 

independently of the standard valuation transcendence basis T. 

If vK is cofinal in vF, then K{T)''^ contains K''''. By Proposition 3.9, K''%T) is a 
q-defectless field. From this we deduce, using Theorem 1.5 again: 

dc{F\K{T)) = d{F'"'\K{Tf'') = d{{F.K'"'f''\{K^\T)f^) 

= dc{F.K^^\K^\T)) = d{F.K^^\K^\T)) = d{F.K^''\K^'') . 
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For the defect quotient, this imphes that 

d{F\K{T)) d{F\K) 



d,{F\K{T)) 



dc{F\K{T)) d{F.K^^\K^^ 



This completes the proof of equations (5). 

To prove equation (6), we take an arbitrary standard valuation transcendence basis T 
and compute, using Theorem 1.5 together with what we have just proved, 

d{F\K) = d{F\K{T)) = d,{F\K{T))-dg{F\K{T)) = d,{F\K) ■ d,{F\K) . 

For the remainder of the proof, we will assume that vK is cofinal in vF. Take K' as 
in the assertion of Theorem 1.5, and a finite extension L oi K containing K'. Choosing 
any standard valuation transcendence basis T of F\K, we know by Theorem 1.5 that 
d{L.F\L{T)) = 1, whence 

d,iL.F\L{T)) = 1 . 

Using this and equation (5) as well as the multiplicativity of the completion defect (see 
(21), we deduce: 

dciL.F\F) ■ d,{F\K) = d,{L.F\F) ■ d,{F\K{T)) = d,{L.F\K{T)) 

= d,{L.F\L{T)) ■ d,{L{T)\K{T)) = dc{L{T)\K{T)) 
= d,{L{T)\K{T)) , 

where the last question holds by Lemma 3.10. This proves the first equation of (7). The 
proof of the first equation of (8) is obtained by just replacing the completion defect by 
the defect quotient in the above argument. 

The second equations in (7) and (8) are shown as it was done for the defect in the 
proof of Theorem 1.5. □ 

As immediate consequences we get the following corollaries. 

Corollary 3.11 Assume F to be a subhenselian function field without transcendence de- 
fect over a q-defectless field K . Then dq{F\K) is trivial. 

Proof: □ 

Corollary 3.12 Every subhenselian function field F\K without transcendence defect sat- 
isfies 

d,{F\K) = d,{F''\K) = d,{F^\K'') , 
d,{F\K) = d,{F^\K) = dg{F''\K^) . 

Proof: Any standard valuation transcendence basis T of F|i^ is also a standard valuation 
transcendence basis of F^\K and of F^\K^. Hence, using Theorem 1.7, 

d,{F\K) = d,{F\K{T)) = d,{F''\K{Tf) = d,{F\K\T)f) 

= dc{{F^f\{K''{T)f) => dc{F^\K\T)) =>d^{F^\K^) 
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and 

dc{F''\K{Tf) => d^{{F^f\K{Tf) => d^{F^\K{T)) => d^{F^\K) . 

The assertions for the defect quotient are shown by combining the above equations with 
the corresponding equations for the defect, and using Theorem 1.7. □ 



Corollary 3.13 Let E and F be suhhenselian function fields over K . If E\F is algebraic 
and F\K has no transcendence defect, then E\F is h- finite and the following multiplica- 
tivity holds for the completion defect and defect quotient: 

d^{E\K) = dc{E\F) ■ dc{F\K) and dg{E\K) = dg{E\F) ■ dg{F\K) . 

Proof: First, we prove that E\F is h-finite. As E and F are subhenselian function 
fields, E'^ and F^ are the henselizations of valued function fields Eq and Fq over K. Since 
E\F is algebraic, also E^\F^ and E^.F^IFq are algebraic. As Eq.Fq is also a function field 
over K, Eo.Fo\Fo is finite and the same holds for {Eo.Fq)'^\Fq. But F^ = F^, and since 
E'^ = Eq contains F and thus also Fq, we see that {Eq.FqY = E^- We have proved that 
E^\F'' is finite. 

Taking any standard valuation transcendence basis T oi F\K (which is also a standard 
valuation transcendence basis oi E\K since E\F is algebraic), we compute 

d,{E\K) = d,{E\K{T)) = d,{E\F) ■ d,{F\K{T)) = d,{E\F) ■ d,{F\K) , 

using Theorem 1.7 and the multiplicativity of the completion defect (see (21). The proof 
for the defect quotient is similar. □ 



Corollary 3.14 Let F\K be a subhenselian function field without transcendence defect. 
If vK is cofinal in vF then there exists a finite extension K' of K such that 

dc{K'.F\K) = d^{K'\K) and dg{K'.F\K) = dg{K'\K) . 

Proof: We take K' as in the assertion of Theorem 1.7 and apply Corollary 3.13 to the 
first equations in (7) and (8), where we set L = K' . □ 

Now we are ready for the 
Proof of Theorem 1.8: 

a): The assertion that F is a q-defectless field has already been proven in Proposition 
3.9. Now we take a standard valuation transcendence basis T of F\K. Again by Propo- 
sition 3.9, K{T) is a q-defectless field, hence in view of Theorem 1.7, 

dg{F\K) = dg{F\K{T)) = 1 . 

b) We assume that vK is cofinal in vF and that i^ is a c-defectless field. We choose K' 
according to Corollary 3.14. Then we have: 

d,{K'.F\K) = d,{K'\K) = 1 . 
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From Corollary 3.13, where we put E = K'.F, we get that dc{F\K) = 1. On the other 
hand, if F' is an arbitrary finite extension of F, then it is also a subhenselian function field 
without transcendence defect over K and consequently, like F it satisfies dc{F'\K) = 1. 
By Corollary 3.13, we conclude that 

dc{F'\F) = 1 . 

This shows that F is a c-defectless field. □ 

The following theorem is a corollary to the Theorem 1.3 and Theorem 1.8: 

Theorem 3.15 Let F\K be a subhenselian function field without transcendence defect. 
If K is separably defectless and vK is cofinal in vF, then F is separably defectless. 
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